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We obtain a class of Kahler Einstein structures on the nonzero cotangent bundle of a Riemannian 
manifold of positive constant sectional curvature. The obtained class of Kahler Einstein structures 
depends on one essential parameter, cannot have constant holomorphic sectional curvature and is 
not locally symmetric. 
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l.INTRODUCTION 

In the study of the differential geometry of the cotangent bundle T*M 
of a Riemannian manifold (M, g) one uses several Riemannian and semi- 
Riemannian metrics, induced from the Riemannian metric g on M. Next, 
one can get from g some natural almost complex structures on T*M. The 
study of the almost Hermitian structures induced from g on T*M is an 
interesting problem in the differential geometry of the cotangent bundle. 

In [9] the authors have obtained a class of natural Kahler Einstein 
structures (G, J) of diagonal type induced on T*M from the Riemannian 
metric g. The obtained Kahler structures on T*M depend on two es- 
sential parameters a\ and A, which are smooth functions depending on 
the energy density t on T*M. In the case where the considered Kahler 
structures are Einstein they get several situations in which the param- 
eters a\ , A are related by some algebraic relations. In the general case, 
(T*M,G, J) has constant holomorphic curvature. 

In the present paper we study the singular case where the paramater 
a% = Ay/t, A E R. The class of the natural almost complex structures 



1 



2 



D.D.Poro§niuc 



J on the nonzero cotangent bundle TqM that interchange the vertical 
and horizontal distributions depends on one essential parameter b\. This 
parameter is a smooth real function depending on the energy density t 
on T^M. From the integrability condition for J it follows that the base 
manifold M must have constant curvature c = 4^ and the parameter b\ 
must fulfill the condition b\ > —\Jf t - 

A class of natural Riemannian metrics G of diagonal type on TqM is 
defined by four parameters ci, C2, di, d<i which are smooth functions of t. 
From the condition for G to be Hermitian with respect to J we get two 
sets of proportionality relations, from which we can get the parameters 
Ci, c 2 , di, d 2 as functions depending on two new parameters A and «. 

In the case where the fundamental 2-form 0, associated to the class 
of complex structures (G, J) is closed, one finds that \x = A'. 

Thus, we get a class of Kahler structures (G, J) on T *M, depending 
on one essential parameter A. 

Finally, we find out the conditions under which the obtained class of 
Kahler structures (G, J) on Tq M is Einstein . 

The manifolds, tensor fields and geometric objects we consider in this 
paper, are assumed to be differentiable of class C°° (i.e. smooth). We 
use the computations in local coordinates but many results from this 
paper may be expressed in an invariant form. The well known summa- 
tion convention is used throughout this paper, the range for the indices 
h, i,j, k, I, r, s being alwaysjl, n} (see [3], [7], [9]). We shall denote by 
r(T*M) the module of smooth vector fields on T*M. 

2. SOME GEOMETRIC PROPERTIES OF T*M 

Let (M, g) be a smooth n-dimensional Riemannian manifold and 
denote its cotangent bundle by 7r : T*M — > M. Recall that there 
is a structure of a 2n-dimensional smooth manifold on T*M, induced 
from the structure of smooth n-dimensional manifold of M. From ev- 
ery local chart (U, tp) = (U, x 1 , . . . , x n ) on M, it is induced a local chart 
(tt-^U),^) = (n- l (U),q\...,q n , p u . . . ,p n ), on T*M, as follows. For 
a cotangent vector p G n~ l (U) C T*M, the first n local coordinates 
q 1 , . . . , q n are the local coordinates x 1 , . . . , x n of its base point x = ir(p) 
in the local chart (U, tp) (in fact we have q l = 7r*x l = x % o n, i — 1, . . . n). 
The last n local coordinates p±, . . . ,p n of p e n^iU) are the vector space 
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coordinates of p with respect to the natural basis (dx^^, . . . , dx™^), de- 
fined by the local chart (U, ip), i.e. p = pidx^y 

An M-tensor field of type (r, s) on T*M is defined by sets of n r+s 
components (functions depending on q l and p^, with r upper indices 
and s lower indices, assigned to induced local charts (7r _1 (?7), $) on T*M, 
such that the local coordinate change rule is that of the local coordinate 
components of a tensor field of type (r, s) on the base manifold M (see 
[5] for further details in the case of the tangent bundle). An usual tensor 
field of type (r, s) on M may be thought of as an M-tensor field of type 
(r, s) on T*M. If the considered tensor field on M is covariant only, the 
corresponding M-tensor field on T*M may be identified with the induced 
(pullback by n) tensor field on T*M. 

Some useful M-tensor fields on T*M may be obtained as follows. Let 
u,v : [0,oo) — ► R be a smooth functions and let ||jo|| 2 = g~^(p,p) be the 
square of the norm of the cotangent vector p G 7r~ 1 (f/) (g~ x is the tensor 
field of type (2,0) having the components (g kl (x)) which are the entries 
of the inverse of the matrix (gij(x)) defined by the components of g in 
the local chart (U, </?)). The components u(\\p\\ 2 )gij(7i(p)), pi, v(\\p\\ 2 )piPj 
define M-tensor fields of types (0,2), (0, 1), (0,2) on T*M, respectively. 
Similarly, the components u( y \\p\\ 2 )g kl (7r(p)), g 0z = Phg h \ v(\\p\\ 2 )g 0k g 01 
define M-tensor fields of type (2,0), (1,0), (2,0) on T*M, respectively. 
Of course, all the components considered above are in the induced local 
chart (tt- 1 (£/),$). 

The Levi Civita connection V of g defines a direct sum decomposition 

(1) TT*M = VT*M © HT*M. 

of the tangent bundle to T*M into vertical distributions VT*M = Ker 
and the horizontal distribution HT*M. 

If ("7T -1 ([/),$) = (7T _1 ([7), q 1 , . . . , q n , pi, . . . , p n ) is a local chart on 
T*M, induced from the local chart {U,Lp) = (U, x 1 , . . . , x n ), the local 
vector fields . . . , on 7r — 1 (t/) define a local frame for VT*M over 
n~ l (U) and the local vector fields . . . , define a local frame for 
HT*M over 7r _1 (£/"), where 

and r k h (ir(p)) are the Christoffel symbols of g. 
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The set of vector fields (^-, . . . , ^r, • • • , ^r) defines a local frame 
on T*M, adapted to the direct sum decomposition (f). 
We consider 

(2) t=±\\p\\ 2 = ±g£ ) (p,p) = ±g*(x)pM, P en-\U) 

the energy density defined by g in the cotangent vector p. We have 
t e [0, oo) for all p e T*M. 

From now on we shall work in a fixed local chart (U, ip) on M and in 
the induced local chart (7r -1 (l/),$) on T*M. 

Now we shall present the following auxiliary result. 

LEMMA 1. If n > 1 and u, v are smooth functions on T*M such that 
ugij + vp^ = 0, p e ir^iU) 
on the domain of any induced local chart on T*M, then u = 0, v — 0. 

The proof is obtained easily by transvecting the given relation with 
the components g lj of the tensor field g~ l and g 0j . 

Remark. From the relations of the type 

ug ij + vg 0i g 0j = 0, p G ^~\U), 

vS i j + vg Qi p j = Q, P en-\U), 
it is obtained, in a similar way, u = v = . 

3. A CLASS OF NATURAL COMPLEX STRUCTURES 
OF DIAGONAL TYPE ON T *M 

The nonzero cotangent bundle Tq M of Riemannian manifold (M, (?) is 
defined by the formula: T*M minus zero section. Consider the real valued 
smooth functions 01,02,61,62 defined on (0, 00). We define a class of 
natural almost complex structures J of diagonal type on Tq M , expressed 
in the adapted local frame by 

< 3 > j £ = jS>0 C J lr-^ (I 4' 
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where, 

(4) 



Jij\p) = ai(t)gij + bi(t)piPj, 



Jg } (p) = a 2 (t)g^ + b 2 (t)g 0i g°i, A e R*. 
In this paper we study the singular case where 

(5) ai(t) = AVt, AeR*. 

The components define symmetric M-tensor fields of types 

(0, 2), (2, 0) on T*M, respectively 

PROPOSITION 2. The operator J defines an almost complex structure 
on T*M if and only if 

(6) ai02 = l, (ai + 2t&i)(a2 + 2t&2) = 1. 

Proof. The relations are obtained easily from the property J 2 = —I 
of J and Lemma 1. 

From the relations (5), (6) we can obtain the explicit expression of 
the parameter a 2 , b 2 

(7) a 2 



AVt 1 At(A + 2Vth)' 

The obtained class of almost complex structures defined by the ten- 
sor field J on T *M is called class of natural almost complex structures 
of diagonal type, obtained from the Riemannian metric g, by using the 
parameter b\. We use the word diagonal for these almost complex struc- 
tures, since the 2n x 2n-matrix associated to J, with respect to the 
adapted local frame (^-, . . . , . . . , ^-) has two n x n-blocks on 

the second diagonal 

j-( -%>\ 

Remark. From the conditions (6) it follows that a\ = Ay/i and a 2 = 
-A-j= cannot vanish and have the same sign. We assume that 



(8) 



A > 0. 
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Similarly, from the conditions (6) it follows that a\ + 2tb\ and 02 + 2t6 2 
cannot vanish and have the same sign. We assume that a\ + 2tb\ > 

0, a 2 + 2tb 2 > V* > 0, i.e. 

(9) A + 2Vtb! > Vt > 0. 

Now we shall study the integrability of the class of natural almost 
complex structures defined by J on T *M. To do this we need the follow- 
ing well known formulas for the brackets of the vector fields i — 

1, ...,n 

(m\\——] = n [1 ii = r ! A r — —] = r° — 

{W)[ dp^dp, 1 U ' [ d Pi >8qi l Ljk dp k > [ 5q^5qi l dp k > 

where i2^ -(7r(p)) are the local coordinate components of the curvature 
tensor field of V on M and R^ijip) = PhRkij ■ Of course, the components 
R^, Rlij define M-tensor fields of types (1,3), (0,3) on T *M, respectively. 

Recall that the Nijenhuis tensor field N defined by J is given by 

N(X,Y) = [JX,JY]-J[JX,Y]-J[X,JY]-[X,Y], V X,Y eT(T*M). 

Then, we have j^t = 0, -^-t = g ok . The expressions for the components 
of N can be obtained by a quite long, straightforward computation, as 
follows 

THEOREM 3. The Nijenhuis tensor field of the almost complex struc- 
ture J on TqM is given by 

N (ii 4) = J&J&i^Wto - 5 h r9il ) - Rl} Ph ^, 

THEOREM 4. The almost complex structure J on TqM is integrable 
if and only if (M, g) has positive constant sectional curvature c and 



[11) A=V2c. 
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The function b\ must fulfill the conditon 
(12) h > 



Proof. From the condition N = 0, one obtains 



{ - - RIM = o 



Differentiating with respect to pi, it follows that the curvature tensor 
field of V has the expression 

A 2 

R l kij = ^\9jk-^g ik ). 

Thus (M,g) has positive constant sectional curvature c = 4r. It follows 
that A = ^/2c > 0. 

Conversely, if (M, g) has positive constant sectional curvature c and 
A is given by (11), one obtains in a straightforward way that N = 0. 

Using by the relations (9), (11) we obtain the condition (12). 

The class of natural complex structures J of diagonal type on T *M 
depends on one essential parameter b±. The components of J are given 
by 

(13) 



j[f = V2ctgij + hPiPj, 

jij _ 1 n ij 6] n 0i n°j 

J m V2ti y 2 v /a( v /s+ v / 2lbi) y y ' 



4. A CLASS OF NATURAL HERMITIAN STRUCTURES ON T *M 

Consider the following symmetric M— tensor fields on T *M, defined 
by the components 

(14) G\? = c l9ij + d lPiPj , Gg } = crfi + d 2 g 0i g 0j , 

where c±, c 2 , d\, d 2 are smooth functions depending on the energy density 
t E (0,oo). 
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Obviously, is of type (0,2) and G [2 ) is of type (2,0). We shall 
assume that the matrices defined by G^ and Gp) are positive definite. 
This happens if and only if 

(15) d > 0, c 2 > 0, ci + 2td! > 0, c 2 + 2td 2 > Vi > 0. 

Then the following class of Riemannian metrics may be considered on 
T*M 

(16) G = G [ ^dq l dq j + G l ( 2) D Vl Dp v 

where -DjOj = dpi — T^dqi is the absolute (covariant) differential of p^ with 
respect to the Levi Civita connection V of g. Equivalently, we have 



■J_ = r (i) r( d_ d_, r ij f1( d_ _S_ J_ _8_ 
- <5<f ' 5qi ] ij ' 1 d Pl ' % J < 2 > ' 1 d Pl ' <V J 1 <Sgj ' % 



Remark that HTqM, VTqM are orthogonal to each other with respect 
to G, but the Riemannian metrics induced from G on HT^M, VTqM 
are not the same, so the considered metric G on T *M is not a metric of 
Sasaki type. The 2n x 2n-matrix associated to G, with respect to the 
adapted local frame (^-, . . . , . . . , ^-) has two n x n-blocks on 

the first diagonal 

a -{f 4)- 

The class of Riemannian metrics G is called a c/ass o/ natural lifts of 
diagonal type of g. 

Remark also that the system of 1-forms (Dpi, Dp n , dq l , dq n ) de- 
fines a local frame on T*T *M, dual to the local frame (^-, . . . , . . . , 
on TTqM over 7r _1 (C7) adapted to the direct sum decomposition (1). 

We shall consider another two M-tensor fields H^, on T *M, 

defined by the components 

H Jk = ± jk _ d j Ok 

(l) c\3 ci(ci+2idi)^ ^ ' 

Hjk = ^9 'jk~ C2 ( C2 +2td 2 )PiP k - 

The components H^X define an M-tensor field of type (2, 0) and the 
components define an M-tensor field of type (0,2). Moreover, the 
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matrices associated to if (i) , are the inverses of the matrices associ- 
ated to and G( 2 ), respectively. Hence we have 



(1) TTjk 



G >H: 



#\ G l LH. 



(2) 



Now, we shall be interested in the conditions under which the class 
of the metrics G is Hermitian with respect to the class of the complex 
structures J, considered in the previous section, i.e. 

G(JX, JY) = G(X,Y), 

for all vector fields X, Y on T *M. 

Considering the coefficients of gij-,g 1 ^ in the conditions 



:i7) 



G(J- 9 



J, 



dpi ' dpj i V d Pi ' dpj I ' 

we can express the parameters Ci,c 2 with the help of the parameters 
ai, a 2 and a proportionality factor A = X(t) . Then 

A 



(18) 



Ci = Aai 



2ctA, 



c 2 = Aa 2 



where the coefficients a±, a 2 are given by (5) and (7). Since we made the 
assumption C\ > 0, c 2 > 0, it follows A > 0. 

Next, considering the coefficients of PiPj, g 0t g°i in the relations (17), 
we can express the parameters C\ + 2tdi, c 2 + 2td 2 with help of the pa- 
rameters ai + 2tbi, a 2 + 2tb 2 and a proportionality factor A + 2t/i 

' a + 2td x = (A + 2tfj)(a 1 + 2t6i), 

(19) 

k c 2 + 2td 2 = (A + 2t/x)(a 2 + 2tb 2 ). 

Remark that X(t) + 2tfi(t) > Vt > 0. It is much more convenient to 
consider the proportionality factor in such a form in the expression of the 
parameters C\ + 2td±, c 2 + 2td 2 . Using by the relations (5), (7), (11), (18) 
we can obtain easily from (19) the explicit expressions of the coefficients 
di, d 2 

' di = 6iA + V2t(y/c + y/2tb!)n, 

(20) 



d 2 = 



2 A /5t( v ^+v / 2t6i) ' 
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Hence we may state: 

THEOREM 5. Let J be the class of natural, complex structure of diago- 
nal type on TqM, given by (3) and (13). Let G be the class of the natural 
Riemannian metrics of diagonal type on T^M, given by (14), (18), (20). 

Then we obtain a class of Hermitian structures (G, J) on TqM, de- 
pending on three essential parameters 6 1; A and fi, which must fulfill the 
conditions 




A > 0, A + 2tfi > Vt > 0. 



5. A CLASS OF KAHLER STRUCTURES ON T *M 

Consider now the two-form <p defined by the class of Hermitian struc- 
tures (G, J) on T*M 

4>(X,Y) = G(X, JY), 

for all vector fields X, Y on T*M. 

Using by the expression of <p and computing the values ^-), 4>{j^: ; 

^(&>5^)' we obtain - 

PROPOSITION 6. The expression of the 2-form <p in a local adapted 
frame . . . , ^, . . . , on T*M, is given by 

or, equivalently 

(22) = (A5| + fj,g 0i pj)Dpi A dq j . 

THEOREM 7. The class of Hermitian structures (G, J) on T *M is 
Kahler if and only if 

H = \'. 

Proof. The expressions of dX, dpi, dg 0t and dDpi are obtained in a 
straightforward way by using the property V k gij = (hence V k g^ = 0) 

dX = X'g 0i D Pu dpi = fi'g 0i D Pi: dg° l = g lk Dp k - g oh r hk dq k , 
dD Pl = - l -R° lkl dq k A dq l + Y\ k dq k A D Pl . 
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Then we have 

d(p = (d\5) + d/jLg 0i pj + fidg 0i pj + fig 0i dpj) A Dp { A dq j + 

+(X5j + rig 0i pj)dDpi A dq j . 

By replacing the expressions of dX, dfj,, dg° l and dVy h , then using, again, 
the property Vkgij = 0, doing some algebraic computations with the 
exterior products, then using the well known symmetry properties of 
gij, r^-, and of the Riemann-Christoffel tensor field, as well as the Bianchi 
identities, it follows that 

d<P = ^(X - Li)g oh Dp h A Dp t A dq l . 

Therefore we have d(j) = if and only if /i — A'. 

Remark. The class of natural Kahler structures of diagonal type de- 
fined by (G, J) on Tq M depends on two essential parameters b x and A. 
The paramaters b\ and A must fulfill the conditions 

(23) 6i > -J]f, A > 0, A + 2t\' > V* > 0. 

V 2i 

The components of the class of Kahler metrics G on Tq M are given 

by 

- V2ct\gij + [V2ct\' + b 1 (\ + 2tX')]p iPj , 

- A ij , -6iA+V2rtA' n Oi n 0j 
V2rt y 2 v /a( v /S+ v / 2l& 1 ) y y • 




(25) 



rrjk _ 1 jk _ v / 2rfA / +b 1 (A+2U / ) Qj Qk 
(1) v^A^ 2VHtA( x /5+ v / 2lfei)(A+2tA') y y 

•"jfc - A A(A+2tA') 



12 



D.D.Poro§niuc 



6. THE LEVI CIVITA CONNECTION OF METRIC G 
AND ITS CURVATURE TENSOR FIELD 

The Levi Civita connection V of the Riemannian manifold (Tq M, G) 
is determined by the conditions 

VG = 0, T = 0, 

where T is its torsion tensor field. The explicit expression of this con- 
nection is obtained from the formula 

2G(V X Y, Z) = X(G(Y, Z)) + Y(G(X, Z)) - Z(G(X, Y))+ 

+G([X,Y],Z)-G([X,Z],Y)-G([Y,Z],Xy, V X,Y,Z e F(T* M) . 
The final result can be stated as follows. 

THEOREM 8. The Levi Civita connection V of G has the following 
expression in the local adapted frame (^,...,^,t^-,..., ^-) : 



(26) 



X7 a JL — phi_§_ 



V 6 



_-pj _d_ , phj 8 



Y7 . <5 "p/i 6 I c d 

V ^7<V L ij8q^ J hij dph , 



where , Pj 11 , Shij are M -tensor fields on T^M, defined by 







' Qi = 


1 rr( 2 ) 1 d r jk 
2 n hk \d Pi U (2) 


d r-iik d piij 
8 Pj U (2) d Pk U (2) 


(27) 


< 


phi _ 


1 rrhkf d ^-((1) 
2 n {l)\dp~ii k ~~ 


^ r (2) n ljk)i 






Shij = 


1 tt{2) q r (l) 
2 11 hk dpkij 


■4- ±/?° 
t 2 hij m 



Assuming that the base manifold (M, g) has positive constant sec- 
tional curvature c and the class of metrics G is Kahler, using by the 
relations (24), (25), one obtains 
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n ij _ VcW2tbi ij \-2t\' (xi n 0j , d n Oi\j_ 

Qh - 4v /a 9 J Ph — wry d h9 + o h g )+ 

X(bl\+c\')-V2E\(b[\-b 1 \')t 1 / 2 +2(b[XX'-2c\' 2 +c\X'')t-2V2^X'(\b[+2b 1 X')t i / 2 oi 
VrfA( v ^+v / 2lf>i)(A+2iA / ) 9 9 

phi _ -v / SA+v / 2fciAt 1 / 2 +2v^A'f+2v / 2biA'f 3 / 2 ftj , 

r j - VEAt 9 Pj+ 

¥)9° h + ^r^° i + 2 ^(^ +2 i ^)(A +2f v ) [ A (- b i A + cA/ )+ 

y/Tc^XH 1 ' 2 - 2 (26? A A' + 2cA' 2 - cAA")t+ 
2v / 2c(6'iAA / - 3M' 2 + 6iAA")t 3/2 - 46?A /2 tVWj, 

C _ ^(y^+v^fei) , v ^( v ^A-v / 2biAt 1 / 2 -2 v ^A , f-2y / 2b 1 A , f 3 / 2 ) 

'-'ft-ijr 2 UijPh ~r 2 A UhjPi 

v ^(v / ZA+v / 2biAf 1 / 2 +2 v ^A , f+2v / 2fciA , f 3 / 2 ) 

2A f»W 

2A(A+ 2f v) t A ( 2b i A + cA ') + v / 2^A(Afe' 1 + 4A'6 1 )t 1 / 2 + 
2(A 2 6 1 6' 1 + 5AA'6 2 - 2cA' 2 + cAA")t+ 

2s/2~c{XX'b' 1 - 2A% + 2AA ,/ 6 1 )t 3 / 2 + 4Xb 1 {X'b[ + X"b x )t 2 \ VhViV j. 

The curvature tensor field K of the connection V is obtained from 
the well known formula 

K(X, Y)Z = V X V Y Z - V Y V X Z - W [X , Y] Z, VX,Y,Ze T(T*M). 

The components of curvature tensor field K with respect to the 
adapted local frame (^,...,^,^,..., ^) are obtained easily: 



^( Sni ' Sni ) />o fc QQQijk Sa h ' t , s j ) a QQP ijh „ , 



(28) 



9 _JM 5 _ ppry-i h K(JL JL\JL - pppv k 9 

d Pi ' J V s r rKa Ck 5q h ' d Pi ' d Pj / <9p fc r r r h dp h > 

d _3_\_8 - pC>C)i 9 K { -0— & \ d - pf)pikh_8_ 

dpi ' Sqi > 5q k r ^^jkh dp h ' X1 V d Pi ' <5gJ / dp k r 5q h ' 
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where 



(29) 



( Dr\Dh ph phi pO _j_ phi q phi q 

W^ijk - K kij - ^k K lij + U b ljk - Olik, 

DD pk pk r\lk pO plk c _j_ plk C 

WW^ijh — ~ K hij - Wh n-uj - *i &hjl + &hil, 

PPO^ h = 9 P h ^ d_phi _|_ phiplj _ phj pli 

•5 k dpi ^ $Pj ^ Ik Iki 



PPPf = - JLQ£ + Qj k QZ - QfQl 



PQQjkh — ~§^Shjk + QfSljk ~ PkShjh 
PD pikh d phk _i_ phi plk phlr^ik 

are M-tensor fields on TqM. 

Remark. The explicit expressions of these components are obtained 
after some quite long and hard computations, made by using the package 
RICCI. 

From the local coordinates expression of the curvature tensor field K 
we obtain that the class of Kahler structures (G, J) on T *M cannot have 
constant holomorphic sectional curvature. 

The Ricci tensor field Ric of V is defined by the formula: 
Ric(Y, Z) = trace(X — ► K(X, Y)Z), V X,Y,Z G T(T*M). 
It follows 

' ffic (^> = Rzc QQ^ = QQQkk + p QQ h jkh, 
ffic (4> &) = RicPpjk = ppp H k - p Q p t\ 



. ^(^,4 r )=i«c(^,^)=0. 

Doing the necessary computations, we obtain the final expressions of 
the components of the Ricci tensor field of V 



(30) 



RicQQjk — 2 \(X+2tX')9jk + 4tA 2 (A+2tA') 2 ^ fe ' 

RirPPi k — - ai k A £ n 0j a ok 

rucrr - 4ctA(A+2tA /)y T 8v ^ t 2 A 2 (v ^ +% /2t 6l)(A+2U ,)2y y , 
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where the coefficient a is given by 

a = c \ 2 (n - 2) - 8c\X't - Ac{n - 1)X'H 2 - 4cXX"t 2 - 

v / 2rf[(n + 1)A 2 + 2\\\2n + 3)t + 4A ,2 (n - l)t 2 + 4AA"t> 1 - 
2 v / 2^At 3/2 (A + 2tA>' 1 . 
The expressions of a and f3 are too large to be presented in this paper. 

7. A CLASS OF KAHLER EINSTEIN STRUCTURES ON T *M 

In order to find out the conditions under which the class of Kahler 
structures (G, J) on T *M is Einstein, we consider the relations 



(31) 



RicQQ jk = Ef Gfl 



where the real number Ef is an Einstein factor. 

Using by the relations (24), (30) and Lemma 1, one obtains the con- 
ditions 



Ef = 



2\ 2 V2ct(\ + 2tX') 4tX 2 (X + 2tX') 2 [V2ctX' + (A + 2tA')6i] 



4tX 2 (X + 2tX') 2 (V2ctX' - A6i) 

The condition 

n 

Ef 



2X 2 V2ct(X + 2tX') 
is equivalent with the first order differential equation 

2V2c~Xt 3/2 (X+2tX')b' 1 = -V2cl[(n+l)X 2 +2XX'{2n+3)t+4X' 2 {n-l)t 2 +4XX"t 2 

cX 2 (n - 2) - 8cAA't - 4c(n - l)A ,2 t 2 - 4cAA"t 2 - Ef 2v / 2ctA 2 (A + 2tX'). 
The solution of this equation is 

f-^A 1 -™ /■* 
(32) 6 i(*) = 4(A + 2tA0 ( 4 C-y i t>0 ' CeR, 
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where 

0(s) = s^\ n - 2 {4 Ef^X 2 (X+2sX')+V2c~[-(n-2)X 2 +4(n-l)s 2 X' 2 +4sX(2X'+sX")}}. 
If the function b\ is given by (32) then the relations 



4tA 2 (A + 2tA') 2 [v / 2rfA'+ (A + 2iA')6i] 4tA 2 (A + 2tA') 2 (v / 2rfA / - A&i) 

are fulfilled. 

Now we may state our main result. 

THEOREM 9. Assume that the Riemannian manifold (M, g) has posi- 
tive constant sectional curvature c. Let J be the class of natural, complex 
structure of diagonal type on T^M , given by (3) and (13). Let G be the 
class of the natural Riemannian metrics of diagonal type on TqM, given 
by (14) and (24). 

If bi is given by (32) then (G, J) is a class of Kahler Einstein struc- 
tures on TqM, depending on one essential parameter X. 

The function b\ and the parameter X must fulfill the conditions (23): 




A > 0, A + 2tX' > V* > 0. 



Remark. After some long and hard computations we have obtained 
that the class of Kahler Einstein structures (G, J) on T *M is not locally 
symmetric. 

Example. The case where A = 1 is presented in [10]. 
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